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Abstract
We show that a Banach lattice E is Riesz and topologically (isometrically) isomorphic to an
Lp(µ)-space, for some measure space (Ω,Σ,µ), if and only if the Bochner norm ∆p is equiva-
lent (equal) to its transpose t∆p on Lp(µ1) ⊗ E, where the measure space (Ω1,Σ1,µ1) may be
taken as any σ -finite measure space or any probability space. The characterizations presented uses
properties of the sequence space E(p) of Krivine.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Those Banach lattices which are Riesz and topologically isomorphic to Lp(µ)-spaces,
where (Ω,Σ,µ) is some measure space, have received much attention in the literature
(cf. [1,2,11–14,17–19]). This work is motivated by, and makes use of a well-known char-
acterization of Lp-spaces given via the functional calculus in Banach lattices as developed
by J.L. Krivine (see Section 2 below or [14,17]).E-mail address: cola@maths.wits.ac.za.
0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.12.003
C.C.A. Labuschagne / J. Math. Anal. Appl. 308 (2005) 746–758 747Let (Ω,Σ,µ) be a measure space and let X be a Banach space. For 1  p < ∞,
let Lp(µ,X) denote the space of (classes of a.e. equal) Bochner p-integrable functions
f :Ω → X and denote the Bochner norm on Lp(µ,X) by ∆p , i.e.,
∆p(f ) =
(∫
Ω
‖f ‖pX dµ
)1/p
.
It is well known that Lp(µ,X) is isometrically isomorphic to the norm completion
Lp(µ) ⊗˜∆p X of Lp(µ) ⊗∆p X and ∆p is a reasonable cross norm on Lp(µ) ⊗ X (see
[4–7]).
Recall from [5] that if X and Y are Banach spaces and α is a reasonable cross norm on
X ⊗ Y , then the transpose of α, denoted by tα, defined on Y ⊗ X by
tα
(
n∑
i=1
yi ⊗ xi
)
= α
(
n∑
i=1
xi ⊗ yi
)
,
is a reasonable cross norm on Y ⊗ X (see also [4,6,7,9]).
We use the extension of the Bochner norm to tensor products of Banach spaces and
Banach lattices, as noted by Chaney and Schaefer (see Section 2 below or [3,19]), which
describes the norm t∆p on Lp(µ) ⊗ E explicitly, to prove the following result:
Theorem 1.1. Let E be a Banach lattice. Then the following statements are equivalent for
1 p < ∞:
(a) E is Riesz and topologically (isometrically) isomorphic to an Lp(µ)-space, for some
measure space (Ω,Σ,µ).
(b) The norms ∆p and t∆p are equivalent (equal) on Lp(µ1) ⊗ E for all finite measure
spaces (Ω1,Σ1,µ1).
(c) The norms ∆p and t∆p are equivalent (equal) on Lp(µ1)⊗E for all σ -finite measure
spaces (Ω1,Σ1,µ1).
2. Preliminaries
If E is a Banach lattice, x1, . . . , xn ∈ E and 1 p ∞, then, by Krivine’s functional
calculus, (
∑n
i=1 |xi |p)1/p ∈ E, where(
n∑
i=1
|xi |p
)1/p
= sup
{
n∑
i=1
aixi
∣∣∣∣∣ ai ∈ R,
n∑
i=1
|ai |q  1
}
for 1 p < ∞ and 1
p
+ 1
q
= 1, and(
n∑
|xi |p
)1/p
=
n∨
|xi |
i=1 i=1
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then E is Riesz and topologically (isometrically) isomorphic to some Lp(µ)-space if and
only if there exist scalars a, b such that
a
∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥
(
n∑
i=1
‖xi‖p
)1/p
 b
∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥, (2.1)[∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥=
(
n∑
i=1
‖xi‖p
)1/p ]
(2.2)
and for p = ∞, E is Riesz and topologically (isometrically) isomorphic to c0(Γ ) for some
Γ if and only if
a
∥∥∥∥∥
n∨
i=1
|xi |
∥∥∥∥∥
n∨
i=1
‖xi‖ b
∥∥∥∥∥
n∨
i=1
|xi |
∥∥∥∥∥, (2.3)[∥∥∥∥∥
n∨
i=1
|xi |
∥∥∥∥∥=
n∨
i=1
‖xi‖
]
. (2.4)
There is a connection between ‖(∑ni=1 |xi |p)1/p‖ and the elements of a suitable tensor
product of p and E, for which we resort to Chaney’s M-norm (see [3]): if E is Banach
lattice and X is Banach space, then the M-norm on X ⊗ E is given by
‖u‖M = inf
{∥∥∥∥∥
n∑
i=1
‖xi‖|yi |
∥∥∥∥∥
∣∣∣∣∣ u =
n∑
i=1
xi ⊗ yi
}
and also by∥∥∥∥∥
n∑
i=1
xi ⊗ yi
∥∥∥∥∥
M
=
∥∥∥∥∥sup
{
n∑
i=1
〈x′, xi〉yi
∣∣∣∣∣ x′ ∈ X′ and ‖x′‖ 1
}∥∥∥∥∥, (2.5)
where x1, . . . , xn ∈ X and y1, . . . , yn ∈ E (see also [8,19]). The M-norm is a reasonable
cross norm on X ⊗ E (cf. [3, Theorem 1.4]) and is equal to Schaefer’s m-norm on X ⊗ E
(cf. [19, Chapter 4, Section 7] and [10, Chapter 4, Section 5]). The transpose of the M-
norm, i.e.,
‖u‖tM = inf
{∥∥∥∥∥
n∑
i=1
‖yi‖ |xi |
∥∥∥∥∥
∣∣∣∣∣ u =
n∑
i=1
xi ⊗ yi
}
and ∥∥∥∥∥
n∑
i=1
xi ⊗ yi
∥∥∥∥∥
tM
=
∥∥∥∥∥sup
{
n∑
i=1
〈y′, yi〉xi
∣∣∣∣∣ y′ ∈ X′ and ‖y′‖ 1
}∥∥∥∥∥, (2.6)
where x1, . . . , xn ∈ E and y1, . . . , yn ∈ X, is Schaefer’s l-norm.
Furthermore, if F = Lp(µ), where (Ω,Σ,µ) is a σ -finite measure space and
1 p < ∞, then the transpose of the M-norm is the Bochner norm ∆p on Lp(µ,X)
(cf. [3]).
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of E ⊗M F is a Banach lattice, with positive cone the M-closure of the projective cone
E+ ⊗ F+ =
{
n∑
i=1
xi ⊗ yi
∣∣∣∣∣ xi ∈ E+, yi ∈ F+, n ∈ N
}
of E ⊗ F (see [3,19]), where E+ denotes the positive cone of E. A similar remark holds
for E ⊗˜tM F .
If (Ω,Σ,µ) is a σ -finite measure space, the isometric isomorphism from Lp(µ,F )
onto Lp(µ) ⊗˜∆p F , mentioned in Section 1, is also a Riesz isometry if Lp(µ) ⊗˜∆p F is
equipped with the closure of the projective cone of Lp(µ) ⊗ F (cf. [3]).
Let ei be the ith standard unit vector in p , i.e., ei = (δij ) where δij = 1 if i = j and
δij = 0 if i 	= j . If E is a Banach lattice and x1, . . . , xn ∈ E, then∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥=
∥∥∥∥∥
n∑
i=1
ei ⊗ xi
∥∥∥∥∥
p⊗ME
(2.7)
for 1 p < ∞, and∥∥∥∥∥
n∨
i=1
|xi |
∥∥∥∥∥=
∥∥∥∥∥
n∑
i=1
ei ⊗ xi
∥∥∥∥∥
c0⊗ME
, (2.8)
as was shown in [15, Lemma 8.1].
If X is a Banach space and E is a Banach lattice, let
S(X) =
{
n∑
i=1
ei ⊗ xi
∣∣∣∣∣ xi ∈ X and n ∈ N
}
and
S+(E) =
{
n∑
i=1
ei ⊗ xi
∣∣∣∣∣ xi ∈ E+ and n ∈ N
}
.
Let Λp = p for 1  p < ∞ and Λ∞ = c0. If X be a Banach space, 1  p ∞ and
α is a reasonable cross norm on Λp ⊗ X, then S(X) is dense in Λp ⊗˜α X and if X is a
Banach lattice, clα S+(X) = clα(Λp+ ⊗X+) (cf. [15, Section 7]), where clα S+(X) denotes
the closure of S+(X) with respect to α.
Let E˜(p) be the space of all sequences (xi) of elements of E for which∥∥(xi)∥∥E˜(p) < ∞,
where
∥∥(xi)∥∥E˜(p) = sup
n
∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥ if 1 p < ∞
or ∥∥(xi)∥∥ = sup
∥∥∥∥( n∨ |xi |
)∥∥∥∥ if p = ∞.
E˜(∞) n ∥
i=1 ∥
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zero, by E(p) and denote E(∞) by E(c0). It was shown in [15, Section 8] that E(Λp)
is Riesz and isometrically isomorphic to Λp ⊗˜M E.
3. The Banach lattice Eobc (p)
Let E be a Banach lattice. For 1 p < ∞, let
Eob
(
p
)= {(xi) ∈ EN
∣∣∣∣∣ ∃y ∈ E+,
(
n∑
i=1
|xi |p
)1/p
 y, ∀n ∈ N
}
and
Eob
(
∞
)= {(xi) ∈ EN
∣∣∣∣∣ ∃y ∈ E+,
n∨
i=1
|xi | y, ∀n ∈ N
}
.
For 1 p < ∞, let
∥∥(xi)∥∥Eob(p) = inf
{
‖y‖
∣∣∣∣∣
(
n∑
i=1
|xi |p
)1/p
 y, ∀n ∈ N
}
and for p = ∞, let∥∥(xi)∥∥Eob(∞) = inf
{
‖y‖
∣∣∣∣∣
n∨
i=1
|xi | y, ∀n ∈ N
}
.
It follows easily from these definitions that
(aob) Eob(p) is an ordered vector space (in the sense that the order structure is compatible
with the vector space structure) with respect to the ordering induced by the natural
order on EN; moreover, Eob(p) is a Riesz space for p = 1 and p = ∞ and
(bob) ‖ · ‖Eob(p) is a norm on Eob(p); moreover, ‖ · ‖Eob(p) is a Riesz norm on Eob(p)
for p = 1 and p = ∞.
Proposition 3.1. Let E be a Banach lattice and 1 p < ∞. Then (Eob(p),‖ · ‖Eob(p))
is norm complete.
Proof. Since confusion could arise between superscripts as indices and as powers of ele-
ments, superscripts in brackets should be interpreted as indices in this particular proof.
Let (x(k))∞k=1 be a Cauchy sequence in Eob(p) such that∥∥x(k+1) − x(k)∥∥
Eob(p) < 2
−k for all k.
For all k, let x(k) = (x(k)n )∞n=1; then for each k, there exists y(k) ∈ E+ such that ‖y(k)‖ <
21−k and, for 1 p < ∞,(
n∑∣∣x(k+1) − x(k)∣∣p)1/p  y(k) for all n
i=1
i i
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n∨
i=1
∣∣x(k+1)i − x(k)i ∣∣ y(k) for all n.
Then, for all n, (x(k)n )∞k=1 is a Cauchy sequence in E; hence, there exists xn ∈ E such that
x
(k)
n → xn as k → ∞.
To show that there exists z ∈ E+ such that (∑ni=1 |xi |p)1/p  z for all n, note that
xi = lim
k→∞x
(k)
i = x(1)i +
∞∑
k=1
(
x
(k+1)
i − x(k)i
)
for all i;
thus, for 1 p < ∞ and for 1
p
+ 1
q
= 1,
(
n∑
i=1
|xi |p
)1/p
=
(
n∑
k=1
∣∣∣∣∣ x(1)i +
∞∑
k=1
(
x
(k+1)
i − x(k)i
) ∣∣∣∣∣
p )1/p
= sup
{
n∑
i=1
ai
(
x
(1)
i +
∞∑
k=1
(
x
(k+1)
i − x(k)i
)) ∣∣∣∣∣ ai ∈ R,
n∑
i=1
|ai |q  1
}
 sup
{
n∑
i=1
aix
(1)
i
∣∣∣∣∣ ai ∈ R,
n∑
i=1
|ai |q  1
}
+
∞∑
k=1
sup
{
n∑
i=1
ai
(
x
(k+1)
i − x(k)i
) ∣∣∣∣∣ ai ∈ R,
n∑
i=1
|ai |q  1
}
=
(
n∑
i=1
∣∣x(1)i ∣∣p
)1/p
+
∞∑
k=1
(
n∑
i=1
∣∣x(k+1)i − x(k)i ∣∣p
)1/p
 y(1) +
∞∑
k=1
y(k),
and, for p = ∞ and all n,
|xi | =
∣∣∣∣∣x(1)i −
∞∑
k=1
(
x
(k+1)
i − x(k)i
)∣∣∣∣∣ ∣∣x(1)i ∣∣+
∞∑
k=1
∣∣x(k+1)i − x(k)i ∣∣ y(1) + ∞∑
k=1
y(k),
i.e.,
∨n
i=1 |xi | y(1) +
∑∞
k=1 y(k) for all n, where
∑∞
k=1 y(k) ∈ E+ since ‖y(k)‖ < 21−k .
Let x = (xn)∞n=1. Then x(k) → x in Eob(p) as k → ∞, because, for all i and r ,
xi − x(r)i =
∑
kr
(
x
(k+1)
i − x(k)i
);
thus, for 1 p < ∞ and for 1
p
+ 1
q
= 1,
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n∑
i=1
∣∣x(r)i − xi∣∣p
)1/p
= sup
{
n∑
i=1
ai
(∑
kr
(
x
(k+1)
i − x(k)i
)) ∣∣∣∣∣ ai ∈ R,
n∑
i=1
|ai |q  1
}

∑
kr
sup
{
n∑
i=1
ai
(
x
(k+1)
i − x(k)i
) ∣∣∣∣∣ ai ∈ R,
n∑
i=1
|ai |q  1
}
=
∑
kr
(
n∑
i=1
∣∣x(k+1)i − x(k)i ∣∣p
)1/p

∑
kr
y(k)
and, for p = ∞,
n∨
i=1
∣∣x(r)i − xi∣∣= n∨
i=1
∣∣∣∣∑
kr
(
x
(k+1)
i − x(k)i
)∣∣∣∣∑
kr
y(k);
hence, ‖x(r) − x‖Eob(p)  ‖
∑
kr y
(k)‖ < 21−r for 1 p ∞. 
If E be a Banach lattice, let
Eobc
(
p
)= {(xi) ∈ Eob(p) ∣∣ ∥∥(xi)∞i=n∥∥Eob(p) → 0 as n → ∞} for 1 p < ∞,
Eobc (c0) =
{
(xi) ∈ Eob
(
∞
) ∣∣ ∥∥(xi)∞i=n∥∥Eob(∞) → 0 as n → ∞} for p = ∞,
and
F(E) = {(x1, . . . , xn,0, . . .) ∣∣ xi ∈ E, n ∈ N}.
Then ∥∥(x1, . . . , xn,0,0, . . .)∥∥Eob(p) =
{
‖(∑ni=1 |xi |p)1/p‖, if 1 p < ∞,
‖∨ni=1 |xi |‖, if p = ∞
and F(E) ⊆ Eobc (Λp). In fact, the following result holds:
Theorem 3.2. Let E be a Banach lattice and 1  p  ∞. Then Eobc (Λp) is a closed
subspace of Eob(p). Moreover, Eobc (Λp) = clEob(p)F(E).
Proof. We use the same notational convention as in Proposition 3.1. To show that Eobc (Λp)
is a closed subspace of Eob(Λp), let (x(n))∞n=1 be a sequence in Eobc (Λp) that converges to
x ∈ Eob(p). Let ε > 0 be given. Then there exists n ∈ N such that ‖x−x(n)‖Eob(p) < ε/2.
Select k ∈ N such that ‖(x(n)i )∞i=k‖Eob(p) < ε/2, where (x(n)i )∞i=1 = x(n) and (xi)∞i=1 = x.
Then ∥ ∥ ∥( ) ∥ ∥ ∥∥(xi)∞i=k∥Eob(p)  ∥ xi − x(n)i ∞i=k∥Eob(p) + ∥(xi)∞i=k∥Eob(p).
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r∑
i=k
∣∣xi − x(k)i ∣∣p
)1/p

(
r∑
i=1
∣∣xi − x(k)i ∣∣p
)1/p
,
from which it follows that∥∥(xi − x(n)i )∞i=k∥∥Eob(p)  ∥∥(xi − x(n)i )∞i=1∥∥Eob(p).
Consequently,∥∥(xi)∞i=k∥∥Eob(p)  ε/2 + ε/2 = ε,
showing that x ∈ Eobc (Λp), i.e., Eobc (Λp) is a closed subspace of Eob(p).
But F(E) ⊆ Eobc (Λp), and hence clEob(p)F(E) ⊆ Eobc (Λp). However, the definition
of Eobc (Λp) implies that clEob(p)F(E) ⊇ Eobc (Λp). Thus, clEob(p)F(E) = Eobc (Λp). 
The following result describes a connection between Eobc (Λp) and E(Λp).
Theorem 3.3. Let E be a Banach lattice and 1  p ∞. Then Eobc (Λp) is a Banach
lattice which is Riesz and isometrically isomorphic to E(Λp).
Proof. If (x1, . . . , xn,0, . . .) ∈F(E), then∥∥(xi)∥∥Eob(p) =
∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥ if 1 p < ∞
or ∥∥(xi)∥∥Eob(∞) =
∥∥∥∥∥
n∨
i=1
|xi |
∥∥∥∥∥ if p = ∞.
Consequently, ‖ · ‖Eob(p) = ‖ · ‖E(Λp) on F(E). Since both Eobc (Λp) and E(Λp) contain
F(E) as a dense subspace and E(Λp) is a Banach lattice with positive cone clM S+(E) =
clE(Λp)(F(E) ∩ EN+) (see [15, Corollary 7.6]), it follows that Eobc (Λp) is a Banach lattice
which is Riesz and isometrically isomorphic to E(Λp). 
4. Characterizations of Lp-spaces
Let (Ω,Σ,µ) be a measure space, X be a Banach space and 1  p < ∞. In the case
where Ω = N and µ is the counting measure on N, Lp(µ,X) is denoted by strongp (X), i.e.,

strong
p (X) =
{
(xi)
∣∣∣∣∣ xi ∈ X,
∞∑
i=1
‖xi‖p < ∞
}
,
which is the Banach space of all absolutely p-summable sequences (xn) in X (see [6]).
In terms of the sequence spaces Eobc , E(p) and 
strong
p (E), L
p
-spaces may be charac-terized as follows:
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equivalent:
(a) E is Riesz and topologically (isometrically) isomorphic to some Lp(µ)-space.
(b) The norms ∆p and t∆p are equivalent (equal) on p ⊗ E.
(c) strongp (E) is Riesz and topologically (isometrically) isomorphic to E(p).
(d) strongp (E) is Riesz and topologically (isometrically) isomorphic to Eobc (p).
If p = ∞, then the following statements are equivalent:
(a′) E is Riesz and topologically (isometrically) isomorphic to some c0(Γ )-space.
(b′) The norms tM and M are equivalent (equal) on c0 ⊗ E.
(c′) c0 ⊗˜tM E is Riesz and topologically (isometrically) isomorphic to E(c0).
(d′) c0 ⊗˜tM E is Riesz and topologically (isometrically) isomorphic to Eobc (c0).
Proof. (a) ⇔ (b) If E is a Banach lattice and 1 p < ∞, then E is Riesz and topologically
(isometrically) isomorphic to some Lp(µ)-space if and only if (2.1) [(2.2)] holds. But (2.1)
[(2.2)] is equivalent to the statement
∆p and t∆p are equivalent (equal) norms on p ⊗ E,
because of (2.7) and the fact that S(E) is dense in p ⊗˜t∆ E.
(b) ⇔ (c) This equivalence follows because strongp (E) is Riesz and isometrically iso-
morphic to p ⊗˜∆p E and (2.7).
(c) ⇔ (d) This equivalence follows from the fact that E(p) is Riesz and isomertically
isomorphic to Eobc (p).
(a′) ⇔ (b′) If p = ∞, then E is Riesz and topologically (isometrically) isomorphic to
c0(Γ ) for some Γ if and only if (2.3) [(2.4)] holds. But (2.3) [(2.4)] is equivalent to the
statement that the M-norm is equivalent (equal) to the tM-norm on c0 ⊗ E, because∥∥∥∥∥
n∨
i
|xi |
∥∥∥∥∥=
∥∥∥∥∥
n∑
i
ei ⊗ xi
∥∥∥∥∥
c0⊗ME
and
n∨
i=1
‖xi‖ =
∥∥∥∥∥
n∑
i
ei ⊗ xi
∥∥∥∥∥
c0⊗εE
(by definition),∥∥∥∥∥
n∑
i
ei ⊗ xi
∥∥∥∥∥
c0⊗εE
=
∥∥∥∥∥
n∑
i
xi ⊗ ei
∥∥∥∥∥
E⊗εc0
(the ε-norm is equal to its transpose),∥∥∥∥∥
n∑
i
xi ⊗ ei
∥∥∥∥∥
E⊗εc0
=
∥∥∥∥∥
n∑
i
xi ⊗ ei
∥∥∥∥∥
E⊗Mc0
(by [3, Proposition 1.5]) and∥∥∥∥ n∑xi ⊗ ei
∥∥∥∥ = ∥∥∥∥ n∑ ei ⊗ xi
∥∥∥∥ .∥
i
∥
E⊗Mc0
∥
i
∥
c0⊗tME
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cally isomorphic to E(c0).
(c′) ⇔ (d′) This equivalence follows from the fact that E(c0) is Riesz and isometrically
isomorphic to Eobc (c0). 
Our aim is to replace p in Theorem 4.1 by Lp(µ1), where (Ω1,Σ1,µ1) is any σ -finite
measure space or any probability space.
The following result is a simple consequence of Chaney’s description, (2.5), of the M-
norm.
Lemma 4.2. Let (Ω1,Σ1,µ1) and (Ω2,Σ2,µ2) be σ -finite measure spaces and 1 p <
∞. Then ∆p = t∆p on Lp(µ1) ⊗ Lp(µ2).
Proof. Consider the Banach lattice
Lp(µ1 ⊗ µ2) =
{
K ∈ L1(µ1 ⊗ µ2)
∣∣∣∣ ( ∫
Ω1×Ω2
∣∣K(x,y)∣∣p d(µ1 ⊗ µ2))1/p < ∞}
with norm
‖K‖Lp(µ1⊗µ2) =
( ∫
Ω1×Ω2
∣∣K(x,y)∣∣p d(µ1 ⊗ µ2))1/p
and pointwise ordering.
Define ψ :Lp(µ1)×Lp(µ2) → L1(µ1 ⊗µ2) by ψ(f,g)(x, y) = f (x)g(y). Then ψ is
bilinear and Lp(µ1) ⊗ Lp(µ2) is a vector subspace of Lp(µ1 ⊗ µ2).
Consider u =∑ni=1 fi ⊗ gi ∈ Lp(µ1) ⊗ Lp(µ2). Then, by (2.6),
‖u‖tM =
∥∥∥∥∥sup
{∣∣∣∣∣
n∑
i=1
y′(gi)fi
∣∣∣∣∣
∣∣∣∣∣ y′ ∈ ball(Lp(µ2))′
}∥∥∥∥∥
Lp(µ1)
.
But, for all x ∈ Ω1, the function
x →
∥∥∥∥∥
n∑
i=1
fi(x)gi
∥∥∥∥∥
Lp(µ2)
is Σ1-measurable, where∥∥∥∥∥
n∑
i=1
fi(x)gi
∥∥∥∥∥
Lp(µ2)
= sup
{∣∣∣∣∣y′
(
n∑
i=1
fi(x)gi
)∣∣∣∣∣
∣∣∣∣∣ y′ ∈ ball(Lp(µ2))′
}
= sup
{∣∣∣∣∣
n∑
i=1
fi(x)y
′(gi)
∣∣∣∣∣
∣∣∣∣∣ y′ ∈ ball(Lp(µ2))′
}
.Consequently,
756 C.C.A. Labuschagne / J. Math. Anal. Appl. 308 (2005) 746–758‖u‖tM =
∥∥∥∥∥sup
{∣∣∣∣∣
n∑
i=1
y′(gi)fi
∣∣∣∣∣
∣∣∣∣∣ y′ ∈ ball(Lp(µ2))′
}∥∥∥∥∥
Lp(µ1)
=
∥∥∥∥∥x →
∥∥∥∥∥
n∑
i=1
fi(x)gi
∥∥∥∥∥
Lp(µ2)
∥∥∥∥∥
Lp(µ1)
=
( ∫
Ω1
∫
Ω2
∣∣∣∣∣
n∑
i=1
fi(x)gi(y)
∣∣∣∣∣
p
dµ2(y) dµ1(x)
)1/p
.
Similarly, by using (2.5), it follows that
‖u‖M =
( ∫
Ω2
∫
Ω1
∣∣∣∣∣
n∑
i=1
fi(x)gi(y)
∣∣∣∣∣
p
dµ1(x) dµ2(y)
)1/p
.
By Fubini’s theorem, we get
‖u‖tM = ‖u‖Lp(µ1⊗µ2) = ‖u‖M. 
The norms tM and M are injective in the following sense (see [16, Section 6] for proofs):
• If E and E0 are Banach lattices, Y and Y0 are Banach spaces, i :E0 → E is a Riesz
isometry and j :Y0 → Y is an isometry, then i ⊗ j : E0 ⊗˜tM Y0 → E ⊗˜tM Y and j ⊗
i :Y0 ⊗˜M E0 → Y ⊗˜M E are isometries.
• If E, E0, F and F0 are Banach lattices and i :E0 → E and j :F0 → F are Riesz
isometries, then i ⊗ j : E0 ⊗˜tM F0 → E ⊗˜tM F and j ⊗ i : F0 ⊗˜M E0 → F ⊗˜M E are
Riesz isometries.
The elements of the norm completed tensor products with respect to the tM and M-
norms have the following representations (see [16, Section 4] for proofs):
• Let X be a Banach space and let F be a Banach lattice. Then u ∈ X ⊗˜M F if and only
if u =∑∞i=1 xi ⊗ yi where supi∈N ‖xi‖ < ∞ and ‖∑∞i=1 |yi |‖ < ∞. Moreover,
‖u‖M = inf
{(
sup
i∈N
‖xi‖
)(∥∥∥∥∥
∞∑
i=1
|yi |
∥∥∥∥∥
) ∣∣∣∣∣ u =
∞∑
i=1
xi ⊗ yi
}
.
• Let E be a Banach lattice and let Y be a Banach space. Then u ∈ E ⊗˜tM Y if and only
if u =∑∞i=1 xi ⊗ yi , where ‖∑∞i=1 |xi |‖ < ∞ and supi∈N ‖yi‖ < ∞. Moreover,
‖u‖tM = inf
{(∥∥∥∥∥
∞∑
i=1
|xi |
∥∥∥∥∥
)(
sup
i∈N
‖yi‖
) ∣∣∣∣∣ u =
∞∑
i=1
xi ⊗ yi
}
.
We can improve Lemma 4.2 to yield:
Lemma 4.3. Let (Ω1,Σ1,µ1) be a σ -finite measure space, (Ω,Σ,µ) a measure space
and 1 p < ∞. Then ∆p = t∆p on Lp(µ1) ⊗ Lp(µ).
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given ε > 0, u =∑∞i=1 xi ⊗ yi , where xi ∈ Lp(µ1), yi ∈ Lp(µ), supi∈N ‖xi‖Lp(µ1) < ∞,‖∑∞i=1 |yi |‖Lp(µ) < ∞ and
‖u‖Lp(µ1)⊗˜MLp(µ) 
(
sup
i∈N
‖xi‖Lp(µ1)
)∥∥∥∥∥
∞∑
i=1
|yi |
∥∥∥∥∥
Lp(µ)
< ‖u‖Lp(µ1)⊗˜MLp(µ) + ε/2.
Let y =∑∞i=1 |yi |. The norm closure of the order ideal Lp(µ)y of Lp(µ) generated by y,
denoted by F , is an Lp-space with y as weak unit. Hence, there exists a finite measure
space (Ω2,Σ2,µ2) such that F is Riesz and isometrically isomorphic to Lp(µ2) (see
[17, p. 15]). Since yi ∈ Lp(µ2) for all i ∈ N and∥∥∥∥∥
∞∑
i=1
|yi |
∥∥∥∥∥
Lp(µ)
=
∥∥∥∥∥
∞∑
i=1
|yi |
∥∥∥∥∥
F
=
∥∥∥∥∥
∞∑
i=1
|yi |
∥∥∥∥∥
Lp(µ2)
,
it follows that u ∈ Lp(µ1) ⊗˜M Lp(µ2) and
‖u‖Lp(µ1)⊗˜MLp(µ) = inf
{(
sup
i∈N
‖xi‖
)(∥∥∥∥∥
∞∑
i=1
|yi |
∥∥∥∥∥
Lp(µ2)
) ∣∣∣∣∣ u =
∞∑
i=1
xi ⊗ yi
}
= ‖u‖Lp(µ1)⊗˜MLp(µ2).
The measure spaces (Ω1,Σ1,µ1) and (Ω2,Σ2,µ2) are finite; thus, by Lemma 4.2, the
norms ∆p and t∆p are equal on Lp(µ1) ⊗ Lp(µ2). Consequently,
‖u‖Lp(µ1)⊗˜t∆pLp(µ2) = ‖u‖Lp(µ1)⊗˜∆pLp(µ2).
By the injectivity of the ∆p-norm as stated above,
‖u‖Lp(µ1)⊗˜∆pLp(µ2) = ‖u‖Lp(µ1)⊗˜∆pLp(µ).
But then we have
‖u‖Lp(µ1)⊗˜t∆pLp(µ) = ‖u‖Lp(µ1)⊗˜∆pLp(µ). 
We can now prove Theorem 1.1.
Proof of Theorem 1.1. (a) ⇒ (b) Let E be Riesz and topologically isomorphic to
Lp(µ), where (Ω,Σ,µ) is some measure space and let (Ω1,Σ1,µ1) be a finite
measure space. Then, by their respective definitions, the norms ‖ · ‖Lp(µ1)⊗˜ME and‖ · ‖Lp(µ1)⊗˜t∆p (E,‖·‖Lp(µ)) are equivalent and the norms ‖ · ‖Lp(µ1)⊗˜∆p (E,‖·‖Lp(µ)) and
‖ · ‖Lp(µ1)⊗˜tME are equivalent on Lp(µ1) ⊗ E. But, by Lemma 4.3,
‖u‖Lp(µ1)⊗˜t∆p (E,‖·‖Lp(µ)) = ‖u‖Lp(µ1)⊗˜∆p (E,‖·‖Lp(µ)).
Thus, the norms ‖ · ‖Lp(µ1)⊗˜ME and ‖ · ‖Lp(µ1)⊗˜tME are equivalent on Lp(µ1) ⊗ E.(b) ⇒ (c) Let (Ω,Σ,µ1) be a σ -finite measure space. Select a strictly positive function
f ∈ L1(µ1) such that
∫
Ω
f (s) dµ1(s) = 1 and let µ(S) :=
∫
S
f (s)µ1(s) for all S ∈ Σ.Then (Ω,Σ,µ) is a probability space and the map Mf 1/p :Lp(µ) → Lp(µ1), defined by
758 C.C.A. Labuschagne / J. Math. Anal. Appl. 308 (2005) 746–758Mf 1/p (h) = hf 1/p , is a Riesz and isometric isomorphism with inverse Mf−1/p . If ∆p is
equivalent to t∆p on Lp(µ) ⊗ E, then ∆p is equivalent to t∆p on Lp(µ1) ⊗ E.
The implications (c) ⇒ [Theorem 4.1(b)] ⇒ (a) readily follow.
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